VISITING EARLY AT PRIME TIMES
TONY HADDAD, SUN-KAI LEUNG, AND CIHAN SABUNCU

ABSTRACT. Given an integer m > 2 and a sufficiently large ¢, we prove that there
always exists an arithmetic progression with common difference ¢ for which the m-th
least prime in such progression is < g exp(3.8075m). This is obtained using a minorant
for the indicator of primes in the Maynard—Tao sieve, in parallel with Baker—Irving
and Stadlmann’s work on bounded gaps between primes. The dependence on ¢ is best
possible. Furthermore, we generalize our result to dynamical systems. The quality of
the result depends crucially on the first return time, which we illustrate in the case of
Diophantine approximation.

1. INTRODUCTION

Analytic Number Theory has witnessed many breakthroughs on fundamental problems
in recent years, in particular the bounded gaps between primes, thanks to Zhang [Zhal4],
Maynard [Mayl15] and Tao (see also [Poll4b]), building upon the celebrated work of
Goldston—Pintz—Yildirim [GPY09]. Maynard [May16] further proved that any subset of
primes which is “well distributed” in arithmetic progressions contains many primes that
are close together.

In particular, for primes in a fixed progression, the best known result is due to Baker
and Zhao [BZ16], who proved the following. Given m > 1, let = be a sufficiently large
real number, ¢ = 2 a suitably “powerful” modulus with 0 < # < 5/12 — 5 for a fixed
n > 0and [[,,p < (log z)¢ for a fixed C' > 0, and (a,q) = 1. Then there exist primes
p1 <+ < pmin (z/2, 2] such that p; = a (mod ¢) for 1 < i < m and

Pm — p1 < gexp(cm)

for some constant ¢ = ¢(f) > 0.

Apart from progressions, there are also infinitely many bounded gaps between primes in
a fixed “Chebotarev set” [Thol4], a suitable “Sato-Tate interval” [Gil4-20] or a “nil-Bohr
set” [ST21].

To motivate our work, we begin by asking: how big is the first prime in a given
arithmetic progression? Let p(q,a) denote the least prime in the arithmetic progression
a (mod ¢). Then recall Linnik’s celebrated theorem that p(q,a) < ¢* for some absolute
constant L > 0. If p,, (g, a) is now the m'™" prime in the arithmetic progression a (mod ¢),
then a quantitative version of Linnik’s theorem [[K04, Corollary 18.8] implies

max  pp(g,a) <m q",
a (mod q)

(a,q)=1
for some L > 0.

Assuming a uniform variant of the Hardy-Littlewood prime k-tuple conjecture, the
second author [Leu26] showed that as soon as f(g) — oo with ¢ — oo, the least prime
p(g,a) is < f(q)p(q) log g for almost all @ (mod ¢). In fact, the least prime in arithmetic
progressions to a common large modulus has an exponential limiting distribution. More
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precisely, if a reduced residue a (mod ¢) is chosen uniformly at random, then we have the
convergence in distribution

p(g,a)
(q)logq
Given m > 1 and (a,q) = 1, we are also interested in the m-th least prime p =
a (mod ¢), which we denote as p,,(q,a). For any residue class containing fewer than
m primes, we set p,(g,a) = 0o. As a (mod ¢) varies uniformly with ¢ — oo, the
second author [Leu25] further showed conditionally that the normalized primes in the
progression,

4 Exp(1) as q — 0.

p1(q, a) p2(q; a)
p(q)logg ~ ¢(q)logg
are located on the positive real number line (0,00) as if they were randomly positioned
points, in the sense of a Poisson point process.
In this paper, we study ming (mod ¢y Pm(¢,a). By the pigeonhole principle, one can
immediately show that ming mod ¢) Pm(¢, @) <m ©(q)logq. Applying a variant of the
Maynard—Tao sieve weights, we improve this bound.

)

Theorem 1.1. For m > 2 and q sufficiently large in terms of m, we have

min  p,(q,a) < q - exp(3.8075m).
a (mod q)
Remark 1.1. A similar result can be obtained from the setting of Maynard [May16,
Theorem 3.1], but this natural statement does not seem to have been observed before in
the literature. Moreover, Maynard’s theorem gives the upper bound O(ge“") for some
large constant c. If we go into the proof and optimise the constant for our special case, we
may take any ¢ > 4. As a by-product of our result, we see that we can take the exponent
¢ = 3.8075 like in Stadlmann [Sta25].

When keeping m fixed and letting ¢ grow, the order of magnitude is optimal. Indeed,
in any arithmetic progression, the m-th prime is at least the m-th positive integer in that
progression. Thus ming (mod q) Pm(q, @) > (m — 1)g.

The dependence on m in Theorem 1.1 could be improved under the following variant
of the Hardy-Littlewood conjecture: For all fixed € > 0 and fixed admissible m-tuple of
minimal diameter H = {0 = hy < -+ < hy,}, we expect that for sufficiently large ¢, we
must have

#{gq < a < 2eq:a+qh; is prime for all Z} ~ 60{4)@

with 1 {h; ( )}
(N T (e tmod p} (1Y
S(H,q) = (SO(Q)) H (1 p ) (1 p) '

plg
This variant of the Hardy-Littlewood conjecture is consistent with the Cramér—Granville
model (see [Gra95]). With this conjecture, we directly obtain

min  pn(q,a) < (H(m) +o(1))q

a (mod q)
as we let ¢ — oo, with H(k) being the diameter of the narrowest admissible k-tuple.
Since H(m) < mlogm, we would have

1?[1iri1 )pm(q,a) < gmlogm, (1.1)
a (mod ¢

conditional on the variant of the Hardy-Littlewood conjecture.
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The bound (1.1) would be sharp: Consider a,q satisfying (a,q) = 1 and a prime
modulus ¢ > m. If (a + ¢;q)!", are the first m primes in the arithmetic progression a
(mod gq), then the set {ls,..., ¢} is admissible. Therefore, taking the minimum over all
integers a coprime to ¢, we have

min  pm(q,a) > (H(m — 1) 4+ 1)q.
a (mod gq)

Also, by varying the progressions instead of fixing a particular one, we are able to
obtain a prime cluster early," which makes the nature of our result distinct from the
existing literature, including those discussed in the beginning of the paper.

Furthermore, we generalize our result to dynamical systems, for example circle rotations
(Diophantine approximation, see Example 2.1). It turns out that the quality of the result
depends crucially on the first return time, which we explore in Section 7. In particular,
in the case of circle rotations T, : x — x + « for almost all « or those o with bounded
partial quotients, we establish tighter lower and upper bounds than those in the literature
for the first return time (see Proposition 7.1).

Recurrence is a central theme in ergodic theory, i.e., how points in dynamical systems
return close to themselves under iteration. In 1890, Poincaré proved a simple yet far-
reaching recurrence theorem in the context of the “three-body” problem of planetary
orbits (see [EW 11, p. 21]). For our purposes, here we state a simple version (see [EW11,
Exercise 2.2.1] for instance).

Lemma 1.1 (Poincaré recurrence theorem). Given a measure-preserving system (X, B, 1, T)
with W(X) =1, let A € B with u(A) > 0. Then there exists an integer 1 <n < |pu(A)™
such that

p(ANT™A) > 0.

Indeed, if u(ANT™A) =0for1 <n <N := [u(Ad)7!, then A, T'A, ... TNA
are pairwise disjoint up to null sets, contradicting (N + 1)u(A) > 1. A famous exam-
ple is Dirichlet’s approximation theorem, corresponding to circle rotation. Inspired by
the recurrence theorem, we shall visit early at prime times in metric-measure-preserving
systems defined as follows.

Definition 1.1 (Metric-measure-preserving system). A metric-measure-preserving sys-
tem is a quintuple (X, d, B, u,T) where (X,d) is a metric space and (X,B,u,T) is a
measure-preserving system satisfying the following compatibility conditions:
e the Borel g-algebra B is induced by the metric d;
e the probability measure p is pseudo-doubling, i.e., there exist constants A > 1 and
ro > 0 such that

w(B(x;2r)) < A - p(B(x;r))

for any € X and 0 < r < rg, where B(z;7) :={y € X : d(y,z) <r};
e the measure-preserving map 7' is an isometry.

Let p! (29, ;) denote the m-th least prime p for which T?xy € B(z;¢). If fewer than
m primes satisfy this condition, we set pl (zg,x;€) = co. Then, with the definition in
hand, we state the dynamical generalization of Theorem 1.1.

1See [Pom80] and a recent improvement [L.S17] for a lower bound for the least prime in a progression
instead.
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Theorem 1.2. Let m > 2 and (X,d,B,u,T) be a metric-measure-preserving system.
Then for 0 < e < rq sufficiently small (in terms of m) and xo € supp u, we have

mip P (0, 73 8) Kmor w(B(zo;€)) ™"
Notation. Throughout the paper, we use the standard big O and little o notations as
well as the Vinogradov notations <, > and the Hardy notation =, where the implied
constants depend only on the subscripted parameters.

2. MAIN RESULTS

We start by defining families of minorants for the indicator function of prime numbers.
This definition is inspired by a similar one given by Baker and Irving in [BI17]. For n > 2,
let P~(n) denote the least prime factor of n, and set P~ (1) = co.

Definition 2.1 (Minorants for the indicator of primes). Fix a positive integer ¢, param-
eters (6,&,8) € (0,1]%, and a function 6: (0,0) — (0,€]. We define BI,[6, &, 3,4] as the
set of functions p : N x (1,00) — R satisfying
(i) There exists C' > 0 such that p(a, q) < 1p(a) for every a > ¢ > 1, and —C < p(a, q)
whenever ¢ > 1 and ¢q < a < ({+ 1)q.
(ii) For every a, q satisfying a > ¢ > 1 and p(a, q) # 0, we have P~(a) > ¢.
(iii) For every ¢ >2,c€Z, A> 0 and ¢ € (0,6), we have

E 1(0, r)=1 q

Z p(a7 q) (1(150 (mod r) — . ) Ae A

r<¢®= | tg<a<(t+1)q o(r) (log q)
r|P

with P = Hpgq‘s(f) p.

(iv) We have e
S plag) = (8- o(1)—

Lg<a<(l+1)q log q
as ¢ — 00.

Baker and Irving [BI17, Lemma 1] proved the following theorem on bounded gaps
between primes: If BI; [9, £, B, 5] is not empty for some parameters (6, ¢, 8) € (0,1]* and
some function §: (0,0) — (0,¢], then

o (24+¢)m
H, = liminf(p,sm — pn) <c € - 2.1
i inf (ppm — pn) sxp( 03 (2.1)
where p; < py < --- is the increasing sequence of prime numbers.

Different theorems in the literature are proofs that the indicator 1p is in Bl [9, 1,1, 5]
for some @ and §, leading to proofs of the form H,, <. e/0+)m.

e The Bombieri-Vinogradov Theorem implies that we can take 6 = % and the func-
tion § = 1. We note that Maynard [May15] proved that H,, < m3e*™. The
exponent 4 comes from applying the Bombieri-Vinogradov Theorem in a key part
of the proof.

e Zhang [Zhal4] essentially proved that we can take 6 = 3 +

d satisfying 6(g) € (0

1

=57 and any function

1
) Ti68)"

e Polymath [Poll4a] proved that we can take 6 = % + ﬁ and any ¢ satisfying
o) < .
e Stadlmann [Sta25] proved that we can take 6 = % + 4—10 and any 0 satisfying

6(e) < £.
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With the Elliott-Halberstam conjecture, we expect that 1p € ﬂe>1 BI, [1, 1,1, 1}. (It
is important to note here that when taking the intersection, the implicit constant in
Definition 2.1 (iii), as well as the speed of convergence for Definition 2.1 (iv) are not
necessarily the same for all £ > 1.)

Concerning non-trivial minorants of 1p, we have that

e Baker and Irving [BI17] showed that for all € > 0, there exist £ and ¢ such that
Bl [3 + a5 —¢€,&,1—8-1075,4] is not empty.
e Stadlmann [Sta25] constructed the following minorant:

pola, q) = 1p(a) — > 1— > 1, (22

a=p1p2p3p4ns a=p2p3P4P5P6

0.19038<au <az<ag<a1<0.40481 0.19038< 2,304,005 ,06 <0.23848
a1 +a9<0.40481 a,004>03
a2+a3z+ay4>0.59519 ag+a4<0.40481
P~ (n5)2p4 a2+a3+a5>059519
ae=as

where a; = lfoggz;j in the sums above. She proved that for § = 1071°, we have

po € BI;[0.5253,0.19038,0.99998, 6].
We can now state an analogous statement to Baker and Irving’s result (2.1) for primes

in arithmetic progressions, which provides a lower bound for the number of residue classes
with early prime clusters.

Theorem 2.1. Fiz e > 0 and let m > 2. Suppose that (,5, Bl [9,5,5,5] 1s not empty
for some parameters (0,¢,8) € (0,1]* and some function 6: (0,0) — (0,&] satisfying
d(y) > y. Then for any sufficiently large modulus q (in terms of m and €), there exist
constants C,C" > 0 which depend on (0,€,3,0,¢) such that

" ex l g)m
#{a (mod q) : pm(q, a) < Cgexp (%(1 +6)m>} e plq)logq)”C “PaEITI),

Now, we can state our theorem in the case of Stadlmann’s minorant. For this, we have
the following lemma.

Lemma 2.1. Let py be defined as in (2.2). For the constant function 6(g) = 10719, we
have
po € ﬂ BI, [0.5253, 0.19038, 0.99998, 4] .

1

Proof. Properties (i) and (ii) of Definition 2.1 follow directly from the definition of py.
Concerning properties (iii) and (iv), Stadlmann proved in [Sta25, Section 4] that py €
BI, [0.5253,0.19038,0.99998, 6] for £ = 1. For each fixed ¢ > 2, we apply the same
decomposition and distribution estimates on (¢q, (¢ + 1)q]. Since log(¢q) = log g + O,(1),
replacing log ¢ by log(¢q) changes each exponent o; = logp,/logq by O(1/logq). For
fixed ¢, these Oy(1/log q) perturbations are eventually smaller than the fixed slack in the
Type I/IT/III ranges used in Stadlmann’s argument, so the same distribution estimates
remain applicable after slightly enlarging the corresponding ranges. Their constants,
thresholds, and o(1) rates may depend on ¢, while the numerical parameters 0.5253,
0.19038, 0.99998 and ¢ = 107!° remain unchanged. O

Using this, we get
Corollary 2.1. We have for q sufficiently large in terms of m,
#{a (mod q) : pm(g,a) < Cqexp(3.8075m)} >, p(q)(log q) =< PES0Tm),

We also state the quantitative version of Theorem 1.2, which is the dynamical gener-
alization of Theorem 2.1.
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Theorem 2.2. Let m > 2 and (X,d,B,u,T) be a metric-measure-preserving system.
Then there exist constants C = C(X),C" = C'(\) > 0 such that for any nonperiodic
xg € supp p and 0 < € < rqg sufficiently small (in terms of m and o), we have

p({z € X : pl(zo,7;¢) < Cqexp(3.8075m)})
> @(4)(1+log q) =@ PEST (B ¢))
for some integer 1 < q < m'82X exp(3.8075 - m logy A\)u(B(xo;€)) "

Remark 2.1. In the proof of Theorem 2.2, ¢ is the first return time of zo to B(x¢;e/(2h)),
with h defined there.

Remark 2.2. We could also state our theorem in the style of Theorem 2.1 using the
minorants, but we omit this for the sake of clarity.

We provide an example to illustrate this theorem.

Example 2.1 (Circle rotation). Consider the metric-measure-preserving system with
X =R/Z,d = |- ||, being the normalized Haar measure and T, : © — = + « (mod 1),
where || - || is the distance to the nearest integer function and « irrational in [0,1]. Let
m > 2. Then for any sufficiently small € > 0 (in terms of m), we have

min p2 (B;¢e) < e 'mexp(7.615m)

Be[0,1]
where p&,(B;€) denotes the m-th least prime p for which |pa — B|| < e. If fewer than
m primes satisfy this condition, we set p% (B;e) = oo. Moreover, for a typical irrational
a € [0,1] and e > 0 sufficiently small in terms of m and a, we can establish a more precise
version of Theorem 2.2 in this case by showing that the first return time is =< e~ '+o(1).
see Section 7 and Proposition 7.1 for details.

3. A VARIANT OF MAYNARD-TAO SIEVE WEIGHT

In Sections 3-5, u denotes the Mobius function; in the dynamical sections, it denotes
the probability measure.

Let m,k > 2. Let (hq,...,hx) be an admissible k-tuple, i.e., a k-tuple of non-negative
integers satisfying 0 < hy < --- < hy and #{h; (mod p) : 1 < i < k} < p for any prime
p. Fix also 0,, 3 and § such that [, Bl [(9,5,5, 5] is not empty.

Then, we would like to construct a sequence of non-negative weights w, over the reduced
residue system {a € (q,2q] : (a,q) = 1} for any g = g(m) sufficiently large, so that

S = Z (Zp(ajtqhi,q)—(m—l)—kz Z 1>wa (3.1)

g<a<2q \ i=1 =1 pla+qh;
(a,9)=1 p<q”

is positive for some small v = (k) > 0 and a minorant p € [, Bly [0,¢,8,0]. Let Q(n)
count the prime factors of n with multiplicity. We define

k k
Ya :zle(a+qhi)—(m—1)—kZ o1

=1 platqh; (3.2)

p<q”

M(z) := max {wa s a € (q,2q| satisfying Q(a + gh;) < z for all Z}

Suppose that ¢ > 2 + hy. If 3, > 1, then the finite sequence (a + gh;)¥_, must contain at
least m primes and all terms of the sequence must satisfy P~ (a + gh;) > ¢". It therefore
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implies that Q(a + ¢h;) < 2/~ for all i. Thus, we obtain the following lower bound

#{a € (q,2q| : at least m of the a + gh; are primes}

>3 12 3 () Giem) 25 ~MS(2/fy)' (3:3)

q<a<2q q<a<2q 2/7>
(a,q)= (a, q)

ya/l Ya >

To construct our weight w,, let w := logloglog ¢ and W, := [ [p<w p. By the admissibility
ph

q
of the k-tuple (hy, ..., hy), we can choose by (mod W,) so that for those a = by (mod W),
we have a + qh; = by + qh; Z 0 (mod p) for any prime p < w,p 1 ¢. Then, analogously to
the Maynard—Tao sieve weight (see [Poll4b, p.11]), we let

k 2

log d log dy,
a = la=py (mo d; F )T 3.4
w bo ( dW@(Z > 11 nd) x (logq logq>> (3.4)

dila+qh; =1
i=1,...k

for some function F : [0,00)* — R supported on the truncated simplex
k
Ag(8,96) == {(tl, o te) € [O 5<410gk>} thite e S g(l - 21§gk)}'

We require F' to be a finite linear combination of smooth tensor products [[F_, fi(t;), with
fi € C°([0,00)), such that each tensor product has support contained in the interior of
A (0, 6) taken within [0, 00)¥. For future reference, the family of such functions is denoted
as Fr(0,6).

With our choice of weight w,, it turns out that not only is the sum S in (3.1) com-
putable, but it is also positively large.

To simplify notation, given any square-integrable function G : [0,00)* — R, let us
denote the singular integrals

J(G) = / G(tr, ... tp)%dt, - - - dty
[0,00)

and

2
Ji(G) = / (/ G(ty,... atk)dti) dty - dt;_qdtigq -~ dity
[0,00)k—1 [0,00)

for 1 <4 < k. Then in view of (3.1), we are required to estimate the following sums.

Proposition 3.1 (Non-prime sum). Fiz k > 2, 6 € (0,1], 6: (0,0) — (0,1], and F €
Fi(0,0). We define w, as in (3.4). Then as we let ¢ — oo, we have

—k
3w, = (3<at1...th>+o(1>)¢V(VQ) (“”(VVVVQ) x SDEJQ) xlogq> .

(a,q)=1
Proposition 3.2 (Prime sum). Fizk > 2,1 <iy < k, (0,¢,8) € (0,13, 6: (0,0) — (0,¢]
and F € Fi.(6,0). We define w, as in (3.4). Suppose that the set mz>1 Blg[ €, B,0] s

not empty, and fix p, an element of this set. Then as ¢ — oo, we have

q§2qp(a+qhzo,Q) > (B Jip (00, F) — 0(1))9014(2) (gp%") X SOEIQ) Xlogq>_ :

(a,9)=1
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Proposition 3.3 (Small prime factor sum). Fiz k > 2 1 <ig <k, and F € Fi(0,6) for

some 0 € (0,1] and 0: (0,0) — (0,1]. Let 0 < v < 1557 and q 2 Then

—k
Yy 1)% &p oy X v(q) (s@(Wq) " @EJCJ) " 10gq> '

Wy W,
q<as<2q *pla+gh;,
(a,q)=1 p<q”

4. PROOF OF THEOREM 2.1

In this section, we shall prove Theorem 2.1 assuming the aforementioned propositions.
All the implicit constants in this section are allowed to depend on F, 60, &, 5 and 4.

We start by fixing (6,¢,8) € (0,1]* and §: (0,0) — (0,&] such that the intersection
0421 BI, [9, & B, 5} is non-empty, and we choose p as an element of this intersection. Put

0 1
By = 2 <1_ 210gk)'

Since d(y) > y, choose d > 0 such that d(y) > dy for all sufficiently small y, and fix
0 < b < d/2. The argument proving [Poll4b, Theorem 40] gives, for all sufficiently large
k, a nonzero function Hj supported in

{(ur,...,ux) €[0,0/logkl* :uy + -+ uy < 1}

such that . J:(Hy)/I(Hy) = logk — Op(1). Indeed, in the notation of that proof, all
we need is to take T = b/logk, 7 = 1/logk, and ¢ = 1/logk + a/log® k with a fixed
sufficiently negative a. Rescale by Rip(1 — 1/log*k). The resulting support satisfies
Soiti < Ri(1—1/log*k) < Ry, and t; < bR(1 — 1/log”k)/logk < §(0/(4logk)) for
every i. We then adapt [Poll4b, proof of Theorem 22, (72)-(84)] to approximate the
rescaled density in L? by a finite sum of smooth tensor products. Each product can be
supported in a rectangle [[.[a;, b;] with > .b; < Ry and b; < 6(6/(4logk)) for every i.
Since the ratio is continuous under L? approximation on this bounded region, we obtain
a density Gy with J(Gy) =1 and

k
23 (Gr) = 5 108; k—Csy (4.1)
for some C; > 0 depending only on # and ¢. Define
F tl,..., / / Gk ul,..., )duk -dul. (42)

Then F € Fk(g,é) and 8t1~--tk = (— )ka
Let k. be large enough for (4.1) to hold, and choose

k:max{k*, [exp (925(1+5/2)m+2%ﬂ}' (4.3)
For this fixed k and F', put

k
D=8 3u(Gy) — (m—1)I(Gy) = 1 +em/2 > 0.
Fix Cr > 0 for the bound in Proposition 3.3, and choose

G emn 1D
<ming ——-,—— 7.
" 100k 4C k2
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Define S as in (3.1) with these choices. Combining Propositions 3.1, 3.2 and 3.3 gives

LARNE() -
§> (D — Cpkty — o(1)) 219 £V 1 . 44
( pk*y —o(1)) W\ Xy X o (4.4)
Taking ¢ large enough that o(1) < D/4, we obtain
Dop(q) (¢(Wy)  »lq) -
S>= 1 . 4.5
o w, \w, * g ©® (4:5)

Finally, we need to bound the weights w, over Q(a + h;q) < 2/~ for all i. If a € (g, 2q]
satisfies the bound on the number of prime factors Q2(a + gh;) < z for all 7, then

We z
max(t )F(tl,..., 2\<H Z > 4k.

..... tr)EAL(6,0 i=1 d|a+qh;

Since F' is smooth and compactly supported, ||F|l.c < oo. It follows that M(z) <
| F']|%,4%* with M(z) defined as in (3.2). Combining this with (3.3) and (4.5), we get

v(q) <¢(Wq) L e logq) _k.

#{a (mod ¢) : at least m of the a + gh; are primes} >, .

Wq Wq
Finally, if (a + gh;)*_, has at least m primes, it follows that p,,(q,a) < q(2 + hg). As
explained in [May15], if we select hy, ..., hi to be the first k primes that are larger than

k, then (hi,...,hy) is an admissible k-tuple that satisfies hy < klogk. The theorem
follows.

5. PROOF OF PROPOSITIONS 3.1, 3.2 & 3.3

By the definition of Fy(0,6), F' is a linear combination of tensor products i.e. there
are constants ¢; € R and f; ; € C°([0,00)) for 1 <4 < k and 1 < j < J such that

J k
F(ty,....te) = Y i [ [ fus(t)- (5.1)

j=1 i=1

Let us denote

Ar(n) = 3 u(d)f (logd) .

T log ¢

Then our weight becomes

7 2
Wq = La=py (mod W) (ZCJHALJ a+ qh; )>

j:1 1=

—_

JJ k
La=by (mod wy) ZZCJCJ’H)‘J”” a—+ qh; )\f (@ + qhy).
=1

Jj=1j'=1
Proof of Proposition 3.1. By linearity, it suffices to estimate
Z La=b (mod W,) H)‘fz a+ qhi) Ay, (a + qh;) (5.2)

q<a<2q

(a,9)=
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for all f;,g; € C([0,00)) with 1 < i < k, with both [[F, fi(t;) and []*_, g:(t;) being
supported in Ag(6,0). After mterchangmg the order of summation, this becomes

-2 z(m on (i) (555)) s oo

dy, d/ conydpey d >1 =1

where d := (dy,...,dy),d = (dy,...,d,) and
S(d,d') = Z Lig,g)=1-

g<a<2q
[di,d}] | a+qh;,1<i<k
a=bg (mod Wy)

Since (hq, ..., hx) is fixed and w = logloglog ¢, we take ¢ sufficiently large that w >
max;x; |h; — hj|. Note that the sum S(d, d’) vanishes unless ¢, W, [dy,d}], ..., [dk, d}] are
pairwise coprime. In this case, let ry, g4 == W, 1e,[d;, ). Tt follows from the Chinese
remainder theorem that there exists ¢y, g4 such that

S(d,d) = Z La,g)=1

g<asg
a=cyy, d.a! (mod qu,d,d’)
By Mobius inversion, we arrive at

S(d,d') = ule) > Leja

elq g<as2q
a=cy, d.ar (mod "W, d.d’)

From our previous discussion, we know that (¢, rw,,q4/) = 1. Hence,

S(d,d') =" ule) (WW - +0(1>) _ e +0(7(q)). (5.4)

o TW,,d,d’
Therefore, we define T} (the main term) and T3 (the error term) as
v(q) p(d log d; log d;
T, = i ;
=5 Tew I ()

A, ooy dy >1
q,Wq,|d;,d, ] pairwise coprime

and T5, =T —T;.
We rewrite 17 as

S DV IE v

i log d; log d;
log g 9i logg )’
1o ey >1 i» 4]

qu,W, [d d’ ] pairwise coprime

where ¢, = leq’p>wp and W = Hpgw p. Then, applying [Poll4b, Lemma 30], this
becomes
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where f := (f1,..., fx),9 = (91, ..., gx) and
k 0o
.9 =11 [ S
i=1+0

Recall that the supports of (¢y,...,tg) — Hle fi(t;) and (tq,...,t;) — Hle gi(t;) are
both contained in Ag(6,d). We bound T3 using (5.3) and (5.4):

i=1 logq 2 i=1 1 X (1 )
= ogq 2 2logk
d] ,d/] ...,dk,d/} 21

=7(q) - ( Z Tk(a))

01 _1
a<q§(1 210gk)

) 4% -k
<L g,k QG(PW) =0 (‘PVE;J) (SDE/Vq> X (p(q(J) X log CI) ) .
q q

The proposition follows. O

Proof of Proposition 3.2. Since p is a minorant for the indicator of primes, we know that
pla+ qhiy,q) < 0if (a,q) > 1. Therefore,

> pla+ qhi, Qwa = Y pla+ ghiy, q)wa (5.5)
%<a)<2q g<a<2q
a,q)=1

For our analysis, we suppose ig = k (the cases ip < k are treated in the same way).
If p(a + qhy,q) # 0, then any divisor d|a + ghy must either satisfy d = 1 or d > ¢* by
Definition 2.1 (ii). For all j, ', since both f;; and f; ; are supported in [0,£], we have
Apeila+ qli) Ay, (@ + ghi) = fi;(0) fr,;(0) whenever p(a + ghy, q) # 0. Thus,

> pla+qhiy. @wa =YY iy fri(0) fig ()T (. 5), (5.6)

g<a<2q j=1j'=1
with
_ k—1
TG, j) =Y. pla+ahe,q) [ A, (a+qhiAs,  (a+ qh).
g<a<2q =1

a=by (mod Wy)
For general f;, g; € C([0,00)) with 1 <4 < k — 1, define

k—1
T = Z p(a‘*—qhka(])H)‘fi(a+qhi))‘gi(a+qhi)‘
q<a<2q =1

a=bg (mod Wy)
If we prove the asymptotic formula

~ 3 o Y
F_ dk(fs;?%/j) (1) (qngqu(a n qhqu)> <¢(WQ) X SDEJQ) X logq) (5.7)

with

k=1 oo
J = [(t:)gi(t:) dt;,
Ji(f.g) 11/0 Flt)gi(t:) dt
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then, after recombining the finitely many tensor terms, the proposition follows from (5.5),
(5.6), Property (iv) with ¢ = hy + 1 of Definition 2.1, and the identity

ZZCJCJ Ji,3(0) i (0)3k(F5, i) = Jn(0py i F) = 0.

j=lj'=1

After interchanging the order of summation, we have

re 3> (s (120) o (25)) S

Jdydp—1,d),_>1 \i=1

where

S(d,d') = > pla + qhi, q).

q<as2q
[d“dﬂ |a+qhi,1<i<k—1
a=bg (mod Wy)

Arguing as in the proof of Proposition 3.1, there exists cw, 4.4 such that

_ 1 N
Sd,d') = ———— Z pla+ qhy, q) + A(Q; hi. + 1, cw, aa + qhe, qu,d,d/> (5.8)
SO(TW‘I’d’d,> g<a<2q

by the Chinese Remainder Theorem, with ry, ga = W, Hk 1[dl, d;] and

1 a,r)=1
A(Qa 67 C, T’) = Z p(aa C]) <1aEc (mod r) — (@) ) )

Lg<a<(l+1)q gO(T)

if ¢, W, and all [d;, dj] are pairwise coprime. Note that a + ghy and 7w, g4 are coprime
whenever p(a + ghi,q) # 0 since all prime factors of 7y, g4 are < ¢¢, which is why we
did not explicitly restrict the sum in (5.8) to a’s with a 4 ¢hy, and 7y, 4.4 being coprime.
We define T; 1 as

ﬁ = (;Vq) ( Z ,O(G—i‘qhkﬂ))

g<a<2q

k-1

C Yy H M((d[ZzZ,d; <logd ) ; (1ogd;) |

dl,dl dg— 1,d;C 1>1 =1 (p logq logq

q,Wq,[d;,d]] pairwise coprime

and fg =T — ’_ZN}. Note that

~ 1
b= ( 2 p<“+qh’“’Q)>

g<a<2q

SRS HH((ZZ,d; <logd)gi<logdg).

lo lo
didyd_yd_ 1 =1 w &4 84

quw,W,[d;,d}] pairwise coprime
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where we recall from the proof of the previous proposition ¢, = H]p| gpsw P and W=

Hpgw p. Put B, := %") ela) logq We will prove that Tg (mBq_(k_l))' Apply-

ing [Poll4b, Lemma 30], we have

R ~(k=1)
7, = uif.9) +oll) ( > p(a+qhk7Q)) (SO(W) ST 10gq)

W(Wq> g<a<2q W Qw
. ~(k=1)
Jk(f(;’p(g%/—qi_) 0(1> (q@tz@q p(a e q)) ((p%q) - ()OEICD x log q)

To bound T3, recall the product P(z) = [I,<.p. The product 1= £ (M> gi (logd )

log g loggq
vanishes unless (d, d’) belongs to the set

D — {(d7 d,) E Nkfl X Nkfl : f’[:'/Wq7d7d/ < q97€k and ?Wq,d’d"P(qé(Ek)>}

We have the upper bound

< Y

(d,d")eD

for g, == 4logk

A(q, hi + 1, cw, aa + qhu, ?Wq,d,d/) :

Let C be the set of positive integers ¢ < P(¢°¢*)) satisfying ¢ = by + ghy, (mod W,) and
for all p € (w, ¢*“¥)], we have ¢ = q(hy — h;) (mod p) for some i € {1,...,k —1}. We
have

foe 3w [A(nhoraRa)

ceC
(d,d’)eD (c,r, TWy.d, ar)=1

Let w(n) count the distinct prime factors of n. Note that for any squarefree r > 1
satisfying Wi |r and (r,q) = 1, we have

#{(d, d') e NFUx NF1 2 p =7 7d,d,}

= Z H#{ dz;d; E N x N : [dl’d;]} — (3k _ 3)w(r/Wq)‘

ar-ag_1=r/Wq 1=1

Therefore,

< Y (3k—3)"" max A(q,hk—i—l,c,r) . (5.9)
7“<q‘9 €k (c,r):l
r|P(¢*Ck))
(r,q):l

For any given r satisfying r|P(¢’¢*)), r < ¢’~**, and (r,¢) = 1, and for any given ¢, € C
coprime to r, we have the lower bound

el

#{ceC:c=cy (modr)} > 7o)



14 TONY HADDAD, SUN-KAI LEUNG, AND CIHAN SABUNCU

by the Chinese Remainder Theorem. Thus,

Lw(r)
sfoter )| <52 5 fafum )
I?éacx qahk+ y G, T |C| Z ‘ Q>hk+ G T
(e,r)=1 ceC
(e,r)=1
1/2 k,w(r) 1/2
4q
L ———7% A(q,hk—i—l,c,r) ,
o X |
(e,r)=1

where the last inequality follows from the trivial bound |A(q, hx + 1,¢,7)| < q/p(r) (we
have this bound because of the property that p is bounded above and below over its
domain).

Combining this with (5.9) and using the Cauchy-Schwarz inequality, we have

7"-72 < L/Q Z Z (3k(1€ — 1))“’(7") . ’A(q’ hy, + 1,¢, 7'>

1/2

1/2
T2 2« oW
r|P(¢*CK))
(r,q)=1
(e,r)=1
1/2 1/2
1/2 4\w(r)
q (9%7) ) ( q
< Z XZ Z A(q,hk-i-l,C,T) L T —an
€] (réq 2 ceC \ r<qf—ck (log g)**/
r|P(q°<k))
(r,q)=1
(e,r)=1
by applying Property (iii) of Definition 2.1 with A = 10k?*. Since m = O(WBQ (k 1)),
this proves the required error estimate and hence (5.7). The proposition follows. U

Proof of Proposition 3.5. Similarly, it suffices to estimate

Z < Z 1) 1a5b0 (mod Wy) H )‘fi(a + qhz))\gl (@ + qhz) (510)

g<as<2q \ pla+qhy i=1

(a,q)=1 p<q”
If p | g, then (a,q) = 1 implies p { a+ ghy, so these primes contribute nothing to (5.10). If
p | Wy, the choice of by likewise excludes divisibility; if p t ¢WV,, the condition p | a + ghy
selects one residue class modulo p. The unmarked local factors therefore match those
in Proposition 3.1, including its ¢(q)/q normalization. Adapting the proof of [Poll4b,
Proposition 14 (Almost primality), pp. 23-27], one can show that

k
D Lpjatan Lazto moa wy) | [ Asi(@ + ahi)Ag,(a + ghs)

g<a<2q =1
(a,9)=1
1 W, K
< Jogp ©(q) (@( 2 ), logq> _
plogq Wy W,

Then, by summing over primes p, the expression (5.10) is

©(q) (@(Wq) ©(q) )k
L v X X x log q ,
W, W, q

and the proposition follows. O
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6. PROOF OF THEOREM 2.2

Let h := Cexp(3.8075m), where C' > 0 is the absolute constant in Corollary 2.1.
Then using Lemma 1.1 followed by the triangle inequality, there exists the least integer
1 < g < u(B(wg;e/4h))~! such that

€

a(r < —.

(T2, 20) oh

Since x is nonperiodic, the least ¢ satisfying d(T%xg,z¢) < £/(2h) tends to infinity as

e — 0, so for ¢ sufficiently small in terms of m and z(, Corollary 2.1 applies to this q. Let

A={1<a<q: pn(ga) <qh, (a,q) =1} and Xy := J,c 4 B(T"x0;€/4h). Note that

X4 is in fact a disjoint union by the minimality of ¢. Then, for a € A, x € B(T"xo;e/4h),
and 1 <7 < m, we have

d(TP @ gy, 2) < d(TP 9D, T0) + d(T o, x)

< d(TP 9950, T0) + (6.1)

£
4h’

Since 7' is an isometry, we have

N
=
3
R»Q
o
!
5
8
S5

Then, it follows from (6.1) that for all z € X4, there exists a € A such that d(TP @z, ) <
eforallie {1,...,m}, and thus p? (zg, x;¢) < gh.

On the other hand, since T~%(B(Tx¢; ¢/4h)) = B(xo;e/4h) and T is measure-preserving,
we have u(B(T%xo;e/4h)) = pu(B(xo;e/4h)), which implies that

(Xy) = #A X pu(B(zwo;€/4h))
> 0(q)(1 + log q) =< PESTM) sy (B(xg;/4h))

by Corollary 2.1. Set J = [log,(4h)]; iterating pseudo-doubling gives u(B(xq;c/4h)) >
AN u(B(xg;e)) and ¢ < M p(B(zo;€))™! <y m'°82* exp(3.8075m logy A\)p(B(zo; €))L
This proves the theorem.

To obtain Theorem 1.2 for any xy € supp p, let Q(m) be the modulus threshold in
Corollary 2.1 and increase h to hy, = max{h, max;<ecq(m) Mil(e,q=1Pm(q; a)/q}, with
the usual convention for ¢ = 1. Choose the least return at radius /(2h,,) as above. For
q = Q(m), Corollary 2.1 supplies a suitable residue class; for ¢ < Q(m), its existence
follows from the definition of h,,. The same distance and pseudo-doubling estimates give
Theorem 1.2 with an implied constant depending only on m and .

7. FIRST RETURN TIME

Given any € > 0,29 € X and x € B(xg;¢€), let 7,,..(z) :== min{n > 1 : T"z € B(zo;¢)}
denote the first return time. For instance, the least integer ¢ > 1 for which d(7T%zg, xy) <
£/2h in the proof of Theorem 2.2 is the first return time 7, /o5 (o). Suppose the measure-
preserving map 7 is ergodic and u(B(xg;¢/2h)) > 0. Then Kac’s lemma [[Kac17] states
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that
[ ema)dnts) = 1
B(xo,a/Zh)

i.e., under the conditional probability measure p(- | B(zo;e/2h)), the expected return
time is u(B(xg,e/2h))~*. For the following conditional estimate, suppose instead that zg
is nonperiodic and its first return time satisfies

p(B(wo;e/2h)) ™" (log p(B(wos e /20)) 1) ™% < g pon(wo) < p(Blwose/2h) ™ (7.1)
This is a separate hypothesis on the centre zy.
Suppose now (7.1) holds. Let ¢’ := 7. /2n(20). Then the proof of Theorem 2.2 gives
p({z € X = pL(zo,x;6) < Cu(B(zo; €)' m'%2* exp(3.8075(1 + log, A\)m)})
> 9(q)(1 + log ¢') = oPES) 1 (B(2; ¢))
S (10g p(B; ) )€ o060

for some absolute constant C” > 0.

Unfortunately, none of the circle rotations are even weakly mixing (see [EW11, p. 51]
for instance). In fact, one can verify that the assumption (7.1) fails for those circle
rotations T, : x — x + « with « of type n, > 1, where

No :=sup{f > 0 : liminf n’||nal| = 0}.
n—oo
More precisely, let 7.(a) := min{n > 1: ||na|| < e}. Then Choe-Seo [CS01] proved that

1
lim inf 10872 _ 1
=0t loge~!
Nevertheless, we are able to establish tight lower and upper bounds for the first return

time for most « € (0, 1) of type n, < 1, thereby strengthening [KS03, Theorem 3].
Proposition 7.1. Let o € (0,1),6 > 0 and € > 0 sufficiently small (in terms of o and
d). Then

(1) for almost all o € (0,1) with respect to the Lebesque measure, we have

e loge ™)) <5 7 (o) < 7Y

(2) the irrational o € (0,1) has bounded partial quotients’ if and only if
To(a) xq 7.
In particular, the equation (7.1) holds, allowing us to derive the following (metric)
Diophantine approximation result on early visits at prime times.

Corollary 7.1. Let m > 2 and o € (0,1). Then for any sufficiently small ¢ > 0 (in
terms of m,«), there exist absolute constants C,C" > 0 such that

(1) for almost all o € (0,1) with respect to the Lebesque measure p, we have
p({B € [0,1] : p2(B;e) < Cel'mexp(7.615m)}) >, (loge™!)~¢ &p(E-80mm).
(2) for a € (0,1) with bounded partial quotients, we also have
n({B €10,1] : p2(B;e) < Celmexp(7.615m)}) >0 (loge™t)~¢ epE:8075m)

2By the Borel-Cantelli lemma, the set of irrationals a of type 7o > 1 has Lebesgue measure 0.

3An irrational o with continued fraction expansion [ap; a1, ag,...] is said to have bounded partial
quotients if a, is uniformly bounded for n > 1. They are badly approximable by rationals, and vice
versa, i.e., there exists a constant ¢ > 0 such that |a — §| > q% for all g € Q. For instance, this includes
quadratic irrationals but excludes the base of the natural logarithm, e = [2;1,2,1,1,4,1,1,6,1,1,8,...].
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Proof of Proposition 7.1. We begin with the proof of the first part. The upper bound
follows from the Dirichlet approximation theorem. Since Y >° . 1/(n(logn)'*®) converges,
the Borel-Cantelli lemma gives, for almost all irrational o € [0, 1] and all sufficiently large
integers n,

1
e > n(logn)i+d
For such an «, put n = 7.(«). As e — 0, we have n — oo, while Dirichlet’s theorem gives
n < 2¢* for sufficiently small e. Thus
1 S 1
(logn)1+® = n(log(2e71))1+0’
which gives the claimed lower bound.

If o has bounded partial quotients, then |nal| >, n~' for every n > 1. Taking
n = 7.(a) and using ||na| < e gives 7.(a) >, €'. The upper bound follows from
Dirichlet’s theorem.

For the converse, let o € (0,1) be an irrational number with unbounded partial quo-
tients and denote g, := min{g, : ¢.+1 > kg,} for & > 1. Note that such g¢,, always
exists. Take ¢ := q,;klﬂ for £ > 1. Then by definition

e > ||lnal| >
n

k k-
Therefore, it is impossible that 7.(a) >, ¢! as ¢ — 07, and the proof is completed. [

Ték (Oé) < an <
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