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ABSTRACT. We give a simple inequality that compares the laws of two random variables taking
values in a convex set of any normed vector space. By combining it with Arratia’s coupling, recently
refined by Koukoulopoulos and the author, we present a general strategy to reduce the problem of
finding an asymptotic formula for the number of integers whose prime factorization falls into any
given subset of ℓ1(R), to finding upper bounds for two key probabilities measuring proximity to the
boundary of the subset in question.

We apply this strategy to give an asymptotic formula for counting integers in [1, x] that have a
divisor in an interval (y, z) with z/y → ∞ as x → ∞.

1. INTRODUCTION

LetH(x, y, z) be the number of integers in [1, x] having a divisor in the open interval (y, z). The
size of this function was studied in various ranges over the last century. In 1934, Besicovitch [2]
showed that

lim inf
y→∞

lim
x→∞

H(x, y, z)

x
= 0.

when z = 2y. In 1935, Erdős [4] replaced the lim inf by lim in the statement above, and he later
showed in [5] a similar statement for any z = z(y) which satisfies log z/y

log y
→ 0 as y → ∞. It was

later established by Erdős in 1960 that

lim
x→∞

H(x, y, 2y)

x
= (log y)−δ+o(1)

with δ := 1− 1+log2 2
log 2

= 0.086 . . . as y → ∞.
In 1980, Tenenbaum [11] proved that the following limit always converges for all 0 ⩽ u < v ⩽

1:

(1) h(u, v) := lim
x→∞

H(x, xu, xv)

x
.

In 1984, Tenenbaum [12] gave precise upper and lower bounds for H(x, y, z) in various ranges of
(x, y, z), and in 2008, Ford [7] was able to determine the order of magnitude of H(x, y, z) for all
(x, y, z) satisfying 2 ⩽ y < z ⩽ x. This result in one key range obtained in [7] is the following:

(2) H(x, y, z) ≍ xwδ(log 2/w)−3/2

whenever 2y ⩽ z ⩽ min{y2, x}, 100 ⩽ y ⩽ x2/3 and x is sufficiently large and with w := log z/y
log y

.
In (1), we have an asymptotic formula for H(x, xu, xv) as x → ∞ when u and v stay fixed,

but if we were to allow u and v to vary with x, all we have is the order of magnitude. The main
theorem of this paper gives the range of (x, u, v) for which the density h(u, v) approximates well
the function H(x, xu, xv):
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Theorem 1. Let δ := 1− 1+log2 2
log 2

. We have

H(x, y, z) = x · h
(
log y
log x

, log z
log x

)
+O

(
x

(log y)δ(log2 y)
3/2

)
for all 3 ⩽ y < z ⩽

√
x.

By using (2), this theorem gives an asymptotic when x → ∞ if y and z are functions of x and
z/y → ∞.

In the same paper where Tenenbaum proved that the limit h(u, v) exists [11], he also gave an
explicit formula for it in the range (u, v) ∈ [0, 2

5
] × {1

2
}. We give an explicit formula for h(u, v)

for any u, v ∈ [0, 1] satisfying u < v:

Theorem 2. For any fixed u, v ∈ [0, 1] satisfying u < v, let k := ⌊ 1
v−u

⌋, and let ∆k be the simplex
{(x1, . . . , xk) ∈ Rk : x1 ⩾ · · · ⩾ xk ⩾ 0 and

∑
i xi ⩽ 1}. Let ρ : [0,∞) → R be the Dickman

function defined by the delay differential equation uρ′(u) = −ρ(u − 1) for u > 1, and the initial
condition ρ([0, 1]) = {1}. For any family E in the power set 22

N∩[1,k]
, we also define the compact

convex polytope Pu,v(E) as

Pu,v(E) :=
{
x ∈ ∆k :

∑
i∈E

xi ⩾ v for all E ∈ E , and
∑
i∈E

xi ⩾ 1− u for all E ∈ 2N∩[1,k] \ E
}
.

Then we have

h(u, v) = 1−
∑

E∈22N∩[1,k]

∫
· · ·
∫

(t1,...,tk)∈Pu,v(E)

ρ

(
1−

∑k
i=1 ti

tk

)
dt1 · · · dtk
t1 · · · tk

for every u, v ∈ [0, 1] with u < v.

It is not a coincidence that the integral in this theorem involves the joint density of the first k
terms of a Poisson–Dirichlet process. In fact, the function H(x, y, z) counts integers with some
particular property on the size of all its prime factors, and as we will see, the Poisson–Dirichlet
process is a good model for the prime factorization of a random integer.

At the end of the next section, we will have reduced Theorem 1 and Theorem 2 into a few key
lemmas. We will first explain a general strategy to make this reduction possible on a family of
problems which includes the theorems above.

Notation. In some parts of the paper, we will use the unique factorization of positive integers
n = n♭n♯ with n♭ being squarefree, n♯ being squarefull, and gcd(n♭, n♯) = 1. The variable p is
always reserved for prime numbers unless stated otherwise. We let logj denote the j-iteration of
the natural logarithm, meaning that log1 = log and logj = log ◦ logj−1 for j ⩾ 2. The norm ∥ · ∥
will always be the ℓ1-norm, except in the statement and proof of Proposition 2.1 which considers
∥ · ∥ to be any arbitrary norm. If P is some proposition, then the indicator 1P will be equal to
1 if P is true, and 0 if P is false. To describe various estimates, we use Vinogradov’s notation
f(x) ≪ g(x) or Landau’s notation f(x) = O(g(x)) to mean that |f(x)| ⩽ C · g(x) for a positive
constant C. If C depends on a parameter α, we write f(x) ≪α g(x) or f(x) = Oα(g(x)).

Acknowledgments. The author thanks Dimitris Koukoulopoulos, Kaisa Matomäki and Gérald
Tenenbaum for helpful comments on this project. The author was supported by the Courtois Chair
II in fundamental research at the start of the project, and is now supported by the Research Council
of Finland grant no. 364214.
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2. REDUCTION TO BOUNDARY LEMMAS

2.1. Theorem 1 and 2 under a general framework. Let ℓ1(R) take its usual definition: It is the
Banach space of real sequences x = (xi)i⩾1 with the property that

∑
i⩾1 |xi| < ∞. We equip it

with the ℓ1-norm defined by ∥x∥ :=
∑

i⩾1 |xi|. We define ∆ to be the set of sequences x ∈ ℓ1(R)
satisfying both x1 ⩾ x2 ⩾ · · · ⩾ 0 and ∥x∥ ⩽ 1.

For any positive integer n, we set (pi(n))i⩾1 to be the unique sequence satisfying the factoriza-
tion n =

∏∞
i=1 pi(n), with p1(n) ⩾ p2(n) ⩾ · · · all being primes or ones. The following sequence

of relative sizes of prime factors

Primes(n, x) :=

(
log pi(n)

log x

)
i⩾1

is in the set ∆ for any n, x satisfying 1 ⩽ n ⩽ x. We assign two probability measures on the
measurable space (∆,B(∆)) with B(∆) being the Borel σ-algebra of ∆: For any fixed x ⩾ 2, let
νx be the probability measure defined by

νx(A) :=
1

⌊x⌋
·#
{
1 ⩽ n ⩽ x : Primes(n, x) ∈ A

}
.

for any set A ∈ B(∆). Let µ be the Poisson–Dirichlet distribution of parameter 1. One way to
define this probability measure is with its finite-dimensional distributions1:

µ(Qk(u)) :=

∫ ∞

uk

· · ·
∫ ∞

u1

10⩽t1⩽···⩽tk · 1t1+···+tk⩽1

t1 · · · tk
ρ

(
1−

∑k
i=1 ti

tk

)
dt1 · · · dtk

for all k ⩾ 1, u = (u1, . . . , uk) ∈ Rk and with Qk(u) being the set of real sequences (xi)i⩾1

with xi ⩾ ui for all 1 ⩽ i ⩽ k. In the above definition, the function ρ : [0,∞) → R is again the
Dickman function as defined in Theorem 2. It is important to keep in mind that this measure is
supported on ∆∗ := {x ∈ ∆ : ∥x∥ = 1}. Other equivalent definitions of µ are given in [6, Chapter
2].

For 0 ⩽ u < v ⩽ 1, we consider the set D(u, v) of sequences x ∈ ∆ that have a subsum in the
open interval (u, v). It becomes clear that this set is open in ∆ if we rewrite it as a union of the
preimage of continuous functions over open intervals

(3) D(u, v) =
⋃
E⊆N

ϕ−1
E

(
(u, v)

)
,

with each ϕE : ∆ → R being the continuous functions defined by ϕE(x) :=
∑

i∈E xi. By the
definition of the measure νx, we have

(4) H(x, y, z) = ⌊x⌋ · νx
(
D
(
log y
log x

, log z
log x

))
,

and as we will prove at the end of the section, we have

(5) h(u, v) = µ
(
D(u, v)

)
.

1Note that finite-dimensional distributions of stochastic processes allow us to compute probabilities of events in
cylindrical σ-algebras. In the case of ℓ1(R), any closed balls of the form B(y, r) := {x ∈ ℓ1(R) : ∥x− y∥ ⩽ r} for
some y ∈ ℓ1(R) and r > 0 can be generated by the countable intersection

⋂∞
k=1 Ek(y, r) with Ek(y, r) being the

cylindrical set of real sequences (xi)i⩾1 satisfying
∑k

i=1 |xi − yi| ⩽ r. Since ℓ1(R) is a separable space, any open set
of ℓ1(R) can be generated by closed balls, and therefore finite-dimensional distributions of the probability measure µ
makes it well-defined on B(∆).
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We will show how to appropriately bound |νx(A)− µ(A)| for any Borel set A.

2.2. Comparing laws of random variables on normed vector spaces. Before moving on to ap-
proximating νx(A), we first present a simple inequality which will be fundamental in our approach:

Proposition 2.1. Let W be a convex set in any normed vector space. For any subset A ⊆ W ,
let ∂A be its boundary with respect to the subspace topology of W . For any η ⩾ 0, we write
∥w − ∂A∥ := infz∈∂A ∥w − z∥ and

∂ηA :=
{
w ∈ W : ∥w − ∂A∥ < η

}
.

Let (Ω,F ,P) be any probability space. For any three random variables X, Y,R on this space with
both X and Y taking values in W , and with R taking values in R⩾0, we have∣∣∣∣P[X ∈ A

]
− P

[
Y ∈ A

]∣∣∣∣ ⩽ P
[
{X, Y } ⊆ ∂RA

]
+ P

[
∥X − Y ∥ ⩾ R

]
,

for any Borel sets A ⊆ W .

Proof. First, we have∣∣∣P[X ∈ A
]
− P

[
Y ∈ A

]∣∣∣ ⩽ ∣∣∣P[X ∈ A, Y /∈ A
]
− P

[
X /∈ A, Y ∈ A

]∣∣∣
⩽ max

{
P
[
X ∈ A, Y /∈ A

]
, P
[
X /∈ A, Y ∈ A

]}
.

For any two points of a, b ∈ S, let L(a, b) be the line segment between a, b. Suppose that exactly
one point of {a, b} belong to some set A ⊆ S, then L(a, b) must intersect ∂A since any line
segment is connected. Thus, there exists c ∈ L(a, b) ∩ ∂A satisfying

∥a− ∂A∥+ ∥b− ∂A∥ ⩽ ∥a− c∥+ ∥c− b∥ = ∥a− b∥.

Therefore, ∣∣∣P[X ∈ A
]
− P

[
Y ∈ A

]∣∣∣ ⩽ P
[
∥X − ∂A∥+ ∥Y − ∂A∥ ⩽ ∥X − Y ∥

]
.

The proposition follows directly from this. □

2.3. Approximating prime factorizations by a Poisson–Dirichlet process. In 1972, Billingsley
[3] proved that for any fixed u = (u1, . . . , uk) ∈ [0, 1]k, we have

νx
(
∆ ∩Qk(u)

)
= µ

(
∆ ∩Qk(u)

)
+ o(1)

as x → ∞, where Qk(u) is again the set of real sequences (xi)i⩾1 with xi ⩾ ui for all 1 ⩽ i ⩽ k.
In other words, the k largest prime factors of a random integer uniformly distributed in N ∩ [1, x]
converge in distribution to the first k components of a Poisson–Dirichlet process of parameter 1.
Later, research has been done on understanding the speed of convergence in Billingsley’s Theorem.
In 1976, Knuth and Trabb Pardo [10] studied the case where we fix u1 = · · · = uk−1 = 0 and
uk ∈ [0, 1] (corresponding to the distribution of the kth largest prime factor). In 2000, Tenenbaum
[13] gave the following asymptotic expansion for the error term in Billingsley’s Theorem: There
exists a sequence of functions (φj)j⩾1 such that

(6) νx
(
∆ ∩Qk(u)

)
= µ

(
∆ ∩Qk(u)

)
+

m∑
j=1

φj(u)

(log x)j
+Ou,m

(
1

(log x)m+1

)
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for all fixed m and u ∈ [0, 1]k.2

In 2002, Arratia went in different direction to quantify Billinglsey’s Theorem. He proved
in [1] that there exists a coupling between a random integer Nx uniformly distributed in N ∩
[1, x], and a Poisson–Dirichlet process V = (V1, V2, . . .) of parameter 1 such that the ℓ1-norm
∥Primes(Nx, x) − V∥ is in expectation O( log2 x

log x
). In 2025, Koukoulopoulos and the author [8]

modified his coupling to improve this expectation to O( 1
log x

). Note that in these couplings, the law
of Primes(Nx, x) is νx and the law of V is µ.

In [8], we actually gave the following stronger result: Let (Ω⋆,F⋆,P⋆) be the coupling con-
structed in [8]. We factorize Nx into its unique factorization Nx = N ♭

xN
♯
x, with N ♭

x being square-
free, with N ♯

x being squarefull and gcd(N ♭
x, N

♯
x) = 1. We also consider the deterministic function

r : R>0 → R>0 defined in [8, Equation (2.3)] (we only need to keep in mind for our discussion that
it is a function satisfying the bound r(t) ≪ min{t, t−2} for all t > 0). As a direct consequence of
[8, Lemma 2.1 and Proposition 2.4], we deduce

(7) P⋆

[∥∥Primes(Nx, x)−V
∥∥ ⩾ max{Sx, Tx}

]
≪ 1

log x
,

with

(8) Sx :=
5

log x
log(x/N ♭

x) and Tx :=
5

log x

∑
i⩾1

r(Vi log x).

By applying Proposition 2.1 with (7), we directly obtain the following theorem:

Theorem 3. Let x ⩾ 2, η := 1
log x

. We have∣∣∣νx(A)− µ(A)
∣∣∣≪ P⋆

[{
Primes(Nx, x), V

}
⊆ ∂max{Sx,Tx}A

]
+

1

log x
,

for any A ∈ B(∆).

As described in [8, Lemmas 2.2 and 2.3], the random variables Sx and Tx are both concentrated
around 1

log x
. Thus, we should expect the following from this theorem:

(9) RHS of Theorem 3 ≈ min
{
νx(∂ηA), µ(∂ηA)

}
+

1

log x

with η = 1
log x

. This heuristic only becomes a problem if either Sx or Tx is positively correlated
with the event that Primes(Nx, x) and V are close to the boundary of A.

However, if we do not have any clues on how to compute the probability on the right-hand side
of Theorem 3, then we can always use the following inequality

P⋆

[
∥Primes(Nx, x)−V∥ ⩾ η

]
≪ε x

− η
4+ε +

1

log x
.

for any ε, η > 0 and x ⩾ 2, which can be directly deduced from Chernoff’s inequality with [8,
Propositions 2.4 and 2.5]. Therefore, we immediately arrive at the following theorem by applying
again Proposition 2.1.

2Actually, the dependence in u in the implicit constant of the error term was given in [13]. It is however more
complicated to state in one line.
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Theorem 4. Fix ε > 0. For x ⩾ 2 and 1
log x

⩽ η ⩽ (4+ε) log2 x
log x

, we have∣∣∣νx(A)− µ(A)
∣∣∣≪ε min

{
νx(∂ηA), µ(∂ηA)

}
+ x−

η
4+ε ,

for any set A ∈ B(∆).

For most choices of set A, Theorem 4 leads to a weaker result than Theorem 3, as discussed
in (9). However, the ratio between the bounds obtain in those two theorems should be relatively
small, as we will see later in (15) when applying this theorem to the set D(u, v).

2.4. Reducing Poisson–Dirichlet approximation problems to two lemmas. All we need to get
an appropriate bound using Theorem 3 are the following two lemmas:

• A Number Theory Boundary Lemma (NTBL), which is an upper bound on the probability
that either Primes(Nx, x) or V is close to the boundary of A by Sx (this last random
variable is a deterministic function of number theoretic random variables in the coupling,
see (8)). More precisely, it is a bound of the form

(10) min
{
P⋆

[
Primes(Nx, x) ∈ ∂SxA

]
, P⋆

[
V ∈ ∂SxA

]}
≪ (NTBL for the set A)

for all x ⩾ 2.
• A Poisson–Dirichlet Boundary Lemma (PDBL), which is an upper bound on the probability

that either Primes(Nx, x) or V is close to the boundary of A by Tx (this last random
variable is a deterministic function of the Poisson–Dirichlet process in the coupling, see
(8) again). More precisely, it is a bound of the form

(11) min
{
P⋆

[
Primes(Nx, x) ∈ ∂TxA

]
, P⋆

[
V ∈ ∂TxA

]}
≪ (PDBL for the set A)

for all x ⩾ 2.

If we do have a NTBL and a PDBL for some set A, then we directly deduce

P⋆

[{
Primes(Nx, x), V

}
⊆ ∂max{Sx,Tx}A

]
≪ (NTBL for the set A) +

(PDBL for the set A).
(12)

We note that if the bounds in (10) and (11) are sharp, then we should not expect a loss in the upper
bound (12) because we expect two random variables close to each other to be either both close to
the boundary or both far from the boundary.

The minima in (10) and (11) offer a choice of which quantity to bound to whoever tries to apply
this strategy. In practice, we have one of three options depending on if we have only good number-
theoretic information, only good Poisson–Dirichlet information, or both, about proximity to the
boundary: Let I := [ 1

log x
, 100 log2 x

log x
].

1) Suppose that we know how to compute both the bounds νx(∂ηA) and µ(∂ηA) for all
η ∈ I . This is the ideal situation. We would then want to attempt to bound the prob-
abilities P⋆

[
Primes(Nx, x) ∈ ∂SxA

]
and P⋆

[
V ∈ ∂TxA

]
. This is because the events

{Primes(Nx, x) ∈ ∂Sx} and {V ∈ ∂Tx} belong to the σ-algebras generated by the random
variables Nx and V respectively. Therefore, this approach has the benefit of completely
avoiding going through the coupling to compute the desired probabilities.
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2) Suppose now that we have tools to bound νx(∂ηA) for all η ∈ I , but we do not know
how to compute bounds on µ(∂ηA). Then we should aim at computing bounds on the
probabilities P⋆

[
Primes(Nx, x) ∈ ∂SxA

]
and P⋆

[
Primes(Nx, x) ∈ ∂TxA

]
. Note that we

have no choice here to understand P⋆

[
Primes(Nx, x) ∈ ∂TxA

]
within the structure of the

coupling.

3) Similarly, if we know how to bound µ(∂ηA), but we have poor understanding of νx(∂ηA)
for all η ∈ I , then we should aim for P⋆

[
V ∈ ∂SxA

]
and P⋆

[
V ∈ ∂TxA

]
. Again, the

probability P⋆

[
V ∈ ∂SxA

]
will have to be studied within the coupling.

Remarks. Here are a few remarks about Theorems 3 and 4 and the strategy presented above:

a) If it is not immediately clear what the boundary ∂A is, we have available the identity

(13)
∥∥z− ∂A

∥∥ = max
{∥∥z− A

∥∥, ∥∥z−∆ \ A
∥∥} for all z ∈ ∆ and A ⊆ ∆

to compute the measure of ∂ηA. This identity is true simply from the fact that ∆ is a convex
set. The proof is elementary and we leave it to the reader.

b) For any integer n ⩾ 2, we could also study the sequence

Primes∗(n) :=

(
log pi(n)

log n

)
,

instead of Primes(n, x). Now this sequence is in the set ∆∗ defined as all the sequences
x ∈ ∆ satisfying ∥x∥ = 1. If we define the measure

ν∗x(A) :=
1

⌊x⌋ − 1
·#
{
2 ⩽ n ⩽ x : Primes∗(n) ∈ A

}
,

then we can obtain analogous versions of Theorems 3 and 4 simply from the fact that∥∥Primes(n, x)−Primes∗(n)
∥∥ =

log(x/n)

log x

for all n ⩾ 2.

c) In [8, Theorem 2], Koukoulopoulos and the author also studied the convergence in law
of random k-factorizations of a random integer to a Dirichlet law using the coupling
(Ω⋆,F⋆,P⋆). It is important to note that we cannot write this problem as νx(A) for some
set A, and thus, we cannot apply directly Theorems 3 or 4.

However, a very similar strategy as the one explained earlier was used for this prob-
lem: First, we extended the coupling Ω⋆ to include the randomization coming from the
k-factorization. Then, we introduce two random vectors in Rk defined inside this extended
coupling: the size of the random k-factorization δf,x, and a Dirichlet-distributed vector Z.
Our Lemma 9.1 in [8] proves that these vectors are close in Rk to each other with high
probability, and Lemma 9.2 reduces the problem into something resembling a NTBL and
PDBL lemma. Finally, since we had good number-theoretic and Poisson–Dirichlet meth-
ods to study the boundary events, we did not need to dive into the coupling at all to prove
these two boundary lemmas.
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2.5. The boundary lemmas for the set D(u, v). We will use Theorems 3 and 4 to estimate
H(x, y, z). To this end, if z ∈ ∂ηD(u, v) for some η ⩾ 0, then both ∥z − w∥ and ∥z − y∥
are < η for some w ∈ D(u, v) and some y /∈ D(u, v) by using (13). Thus, there must exist
a subset E ⊆ N satisfying ϕE(w) ∈ (u, v). It follows from the fact that ϕE is 1-Lipschitz that
ϕE(z) ∈ (u− η, u+ η) ∪ (v − η, v + η). Therefore,

(14) ∂ηD(u, v) ⊆ D(u− η, u+ η) ∪D(v − η, v + η).

Applying directly (2), (4), (14) and Theorem 4 with ε = 1 and η = 5
log x

(
δ log2 y + (3

2
− δ) log3 y

)
,

we immediately arrive at the estimate

(15) H(x, y, z) = x · h
(
log y
log x

, log z
log x

)
+O

(
x

(log y)δ(log2 y)
3/2−δ

)
whenever 3 ⩽ y < z ⩽

√
x, and it proves that h(u, v) = µ(D(u, v)) (which was suggested earlier

in (5)). Since µ is supported in ∆∗, which was defined in an earlier remark as the subset of x ∈ ∆
satisfying ∥x∥ = 1, we reduce Theorem 2 to proving the following lemma:

Main Lemma 1. Let 0 ⩽ u < v ⩽ 1, let k = ⌊ 1
v−u

⌋, and let πk : ∆ → Rk be the projection map
defined as πk(x) := (x1, . . . , xk). We also define Pu,v(E) as in Theorem 2. Then

∆∗ ∩D(u, v)c = ∆∗ ∩ π−1
k

( ⊔
E∈22N∩[1,k]

Pu,v(E)

)
.

To obtain Theorem 1, all we need is a (log2 y)δ saving from the error term in (15). However, this
will require significantly more work since we are using Theorem 3 instead of Theorem 4. Here are
the two boundary lemmas that we need to prove in order to directly deduce Theorem 1:

Main Lemma 2 (NTBL for the set D(u, v)). We can factorize uniquely any positive integer n into
n = n♭n♯ with n♭ being squarefree, n♯ being squarefull and gcd(n♭, n♯) = 1. We have

#

{
n ⩽ x : ∃ d|n satisfying d ∈

(
y(x/n♭)−5, y(x/n♭)5

)}
≪ x

(log y)δ(log2 y)
3/2

for all 3 ⩽ y ⩽ x.

Main Lemma 3 (PDBL for the set D(u, v)). Let (Ω⋆,F⋆,P⋆) be the coupling constructed in [8],
and let Tx be defined as in (8). We have

P⋆

[
∃ d|Nx satisfying d ∈ (yx−Tx , yxTx)

]
≪ 1

(log y)δ(log2 y)
3/2

for all 3 ⩽ y ⩽ x.

All that is left is to prove Main Lemmas 1, 2 and 3. The proof of Main Lemma 3 will be the
longest part since we will have to dive into the structure of the coupling.

3. SHORT PROOFS MAIN LEMMAS 1 & 2

The only thing in common between the proofs of Main Lemmas 1 and 2 is the fact that they can
be done quickly. It is why we collect them in this section.
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Proof of Main Lemma 1. We first need to show that for any E ⊆ N, we have

(16) D(u, v)c ∩ ϕ−1
E (R⩾v) = D(u, v)c ∩ ϕ−1

E∩[1,k](R⩾v).

The proof of ⊇ is trivial, so we will only show the inclusion ⊆. Let x ∈ D(u, v)c ∩ ϕ−1
E (R⩾v) for

any set E ⊆ N. We construct a sequence (γj)j⩾0 by defining γ0 := 0 and γj := ϕE∩[1,j](x) for all
j ⩾ 1. Since the sequence is non-decreasing, limj→∞ γj ⩾ v and the set {γj : j ⩾ 0} is disjoint
from the interval (u, v), then there must exist a unique index j∗ satisfying γj∗−1 ⩽ u < v ⩽ γj∗ . It
follows that

xj∗ = γj∗ − γj∗−1 ⩾ v − u >
1

k + 1
⩾

1

k + 1

k+1∑
i=1

xi ⩾ xk+1.

We proved that xj∗ > xk+1, hence j∗ ⩽ k and therefore x ∈ ϕ−1
E∩[1,k](R⩾v). We conclude that (16)

is true.
Second, for any E ⊆ N, we have

(17) ∆∗ ∩ ϕ−1
E

(
(u, v)c

)
= ∆∗ ∩

(
ϕ−1
E

(
R⩾v

)
⊔ ϕ−1

Ec

(
R⩾1−u

))
.

Combining (3), (16) and (17), we get

∆∗ ∩D(u, v)c =
⋂
E⊆N

(
∆∗ ∩D(u, v)c ∩ ϕ−1

E ((u, v)c)

)
= ∆∗ ∩

⋂
E⊆N∩[1,k]

(
ϕ−1
E

(
R⩾v

)
⊔ ϕ−1

Ec

(
R⩾1−u

))
.

Using distributivity laws of the intersection and properties of the preimage, we prove the lemma.
□

Proof of Main Lemma 2. Let 3 ⩽ y ⩽ x and positive integers b, j, with b being squarefull. We
consider the sets

G(y, x) := {n ∈ N ∩ [1, x] : ∃ d|n satisfying d ∈ (y(x/n♭)−5, y(x/n♭)5)},
K(b, j, x) := {n ∈ N ∩ [1, x] : n♯ = b and n♭ ∈ ( x

2jb
, x
2j−1b

]}.

The cardinality of the set G(y, x) is what we need for the bound in Main Lemma 2. Since
#K(b, j, x) ⩽ x

2j−1b
, we have∑∑

b,j⩾1: b squarefull
2jb>log y

#K(b, j, x) ⩽
2x

(log y)1/3

∑
b⩾1

b squarefull

1

b2/3

∑
j⩾1

1

22j/3
.

The two series on the right-hand side are convergent, hence

(18) #G(y, x) ≪
∑∑

b,j⩾1: b squarefull
2jb⩽log y

#
(
G(y, x) ∩ K(b, j, x)

)
+

x

(log y)1/3
.

Consider the map ψ : G(y, x) ∩ K(b, j, x) → N defined by ψ(n) = n♭. For every integer n ∈
G(y, x) ∩ K(b, j, x), there is a divisor d|n in the interval d ∈ (y(2jb)−5, y(2jb)5), so we have

gcd(d, ψ(n)) =
d

gcd(d, b)
∈ (y(2jb)−6, y(2jb)5).
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Therefore, any m ∈ ψ
(
G(y, x) ∩ K(b, j, x)

)
must satisfy m ∈ N ∩ [1, x

2j−1b
] and has a divisor in

(y(2jb)−6, y(2jb)5). Since ψ is injective, we must have

#
(
G(y, x) ∩ K(b, j, x)

)
= #ψ

(
G(y, x) ∩ K(b, j, x)

)
⩽ H

(
x

2j−1b
, y(2jb)−6, y(2jb)5

)
≪ (j + log b)δ

2jb
· x

(log y)δ(log2 y)
3/2

whenever 2jb ⩽ log y by using (2) in the last inequality. We insert this bound in (18), and Main
Lemma 2 immediately follows. □

4. THE COUPLING

The proof of Main Lemma 3 require for us to understand further the structure of the coupling in
[8].

Here is one way to construct this coupling. Let (Ω⋆,F⋆,P⋆) be any ambient probability space
containing the following random objects:

• A Poisson point process R in R>0 × R>0 with intensity e−wy dw dy.3

• Three i.i.d. random variables U1, U2, U3 that are uniformly distributed in (0, 1), and which
are also independent of R.

From these random objects, we explain how to extract a random integer Nx and Poisson–Dirichlet
process V. All the following random variables were introduced in [1] or in [8], except M∗

x , Θ(1)
∞

and Θ
(2)
x . We will write E⋆ as the expectation inside this coupling.

Definition 4.1 (x-labelling of R). Almost surely, we may find a unique sequence of random
points (Wi, Yi)i∈Z satisfying

• R =
{
(Wi, Yi) : i ∈ Z

}
;

• Wi < Wi+1 for all i ∈ Z;
• if we let Si :=

∑
ℓ⩾i Yℓ for all i ∈ Z, then we have S1 ⩽ log x < S0.

We refer to this sequence as the x-labelling of the points of R.

Definition 4.2 (The processes L and V). Let x ⩾ 2, let (Wi, Yi)i∈Z be the x-labelling of R, and
let Si :=

∑
ℓ⩾i Yℓ for all i ∈ Z. We define the process L = (L1, L2, . . .) by L1 := 1 − S1

log x
, and

Li :=
Yi−1

log x
for all i ⩾ 2. We also define the process V as the rearrangement of the terms of the

process L in non-increasing order.

Definition 4.3 (The deterministic functions h and r). Let (λj)j⩾0 be the increasing sequence of
positive real numbers defined by λ0 := e−γ and

λj := exp

(
− γ +

∑
1⩽i⩽j

1

viqi

)
for j ⩾ 1,

3The coupling in [8] was actually defined as any ambient space with a GEM process and three i.i.d uniform random
variables that are also independent of the GEM. As we will see later in Proposition 4.10, the GEM process can be
extracted from the Poisson process R.



POISSON–DIRICHLET APPROXIMATION 11

with γ being the Euler-Mascheroni constant and qi = pvii being the ith smallest prime power, i.e.,
(qi)i⩾1 is the sequence 2, 3, 22, 5, 7, 23, 32, . . . We define the step-function h : R>0 → R>0 by

h(t) :=
∑
j⩾1

(log qj)1λj−1<t⩽λj
,

and we define the function r : R>0 → R>0 as

r(t) := |h(t)− t|.

Definition 4.4 (The Poisson process R∗ and its x-labelling). Let h be the deterministic function
from Definition 4.3. Consider map ψ : R>0 × R>e−γ → R>0 × Q, with Q being the set of prime
powers, and

ψ(w, y) :=
( wy

h(y)
, eh(y)

)
.

We define the Poisson process R∗ :=
{
ψ(W,Y ) : (W,Y ) ∈ R and Y > e−γ

}
. The x-labelling of

R∗ is the almost surely unique sequence of random points (T ∗
i , Q

∗
i )i∈Z⩽K

along with the random
integer K satisfying

• R∗ =
{
(T ∗

i , Q
∗
i ) : i ∈ Z⩽K

}
;

• Ti < Ti+1 for all i ∈ Z⩽K ;
•
∏K

i=1Q
∗
i ⩽ x <

∏K
i=0Q

∗
i .

Definition 4.5 (The random integer Mx). Let (Wi, Yi)i∈Z be the x-labelling of R (see Defini-
tion 4.1). We define Jx :=

∏
i⩾1 e

h(Yi). We also define the extra prime Pextra to be the smallest
element of {1}∪ {primes} that would satisfy θ(Pextra) ⩾ U1θ(x/Jx), where θ(y) =

∑
p⩽y log p is

Chebyshev’s function. Finally, we define the random integer Mx := JxPextra.

Definition 4.6 (The random integer M∗
x ). Let (T ∗

i , Q
∗
i )i∈Z⩽K

be the x-labelling of R∗ (see Defi-
nition 4.4). We define J∗

x :=
∏

i⩾1Q
∗
i . We also define the extra prime P ∗

extra to be the smallest
element of {1} ∪ {primes} that would satisfy θ(P ∗

extra) ⩾ U1θ(x/J
∗
x), where θ(y) =

∑
p⩽y log p

is Chebyshev’s function. Finally, we define the random integer M∗
x := J∗

xP
∗
extra.

Definition 4.7 (The random integer Nx). For any two probability measures µ1 and µ2 supported
on N, we define a sequence (zj)j⩾0 with z0 := 0 and

zj :=
∑
1⩽i⩽j

(µ1(i)− µ2(i))
−

dTV(µ1, µ2)
,

with dTV(µ1, µ2) := supA⊆N |µ1(A)−µ2(A)| being the total variation distance between µ1 and µ2.
Let fµ1,µ2 : N× (0, 1)2 → N be defined as

fµ1,µ2(m, a, b) =

{
m if a · µ1(m) ⩽ µ2(m),∑

i⩾1 i · 1zi−1<b⩽zi otherwise.

We define the random integer

Nx := fµ1,µ2(Mx, U2, U3)

with µ1 being the law of Mx and µ2 being the uniform distribution on N ∩ [1, x].
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Definition 4.8 (The random variables Θ
(1)
∞ and Θ

(2)
x ). Let r be the function from Definition 4.3.

We define r0 := supt>0 r(t) and

Θ(1)
∞ := r0 +

∑
(W,Y )∈R
Y ⩽e−γ

r(Y ).

Let (Wi, Yi)i∈Z be the x-labelling of R (see Definition 4.1). We also define Θ
(2)
x as the random

variable
Θ(2)

x :=
∑
i⩾1

Yi>e−γ

r(Yi).

Here are some properties that these random objects satisfy:

Proposition 4.9 (Distribution ofNx). The random integerNx is uniformly distributed in N∩ [1, x].

Proof. In general, if X is any random variable with law µ1 and U,U ′ are two uniform random
variables independent of each other and of X , then it was shown in [1, Section 3.8] that the law of
the random variable fµ1,µ2(X,U, U

′) is µ2, with fµ1,µ2 being defined as in Definition 4.7. This was
also reproven in [8, Lemma B.2] using the notation of Definition 4.7. □

Proposition 4.10 (Distribution of V). The process V follows a Poisson–Dirichlet distirbution.

Proof. The process L from Definiton 4.2 follows a GEM distribution (see [8, Proposition 4.3]).
If we rearrange the terms of any GEM process in non-increasing order, then we always obtain a
Poisson–Dirichlet process (see [6, Theorem 2.7]). □

Proposition 4.11 (Total variation distance between Nx,Mx and M∗
x ). For all x ⩾ 2, let E(x) :=

{Nx =Mx =M∗
x}. We have

P⋆

[
E(x)c

]
≪ 1

log x
.

Proof. Note that if Nx =Mx and Jx = J∗
x (with Jx and J∗

x being defined as in Definitions 4.5 and
4.6), then E(x) must occur. Therefore,

P⋆

[
E(x)c

]
⩽ P⋆

[
Nx ̸=Mx

]
+ P⋆

[
Jx ̸= J∗

x

]
.

It follows from [8, Propositions 2.4 and 6.5] that the right-hand side of the inequality above is
O( 1

log x
). □

Proposition 4.12 (Bound on r(t)). For all t > 0, we have the upper bound r(t) ≪ min{t, t−2}.

Proof. This follows from the Prime Number Theorem. See [8, Section 2] for more details. □

Proposition 4.13 (Moment generating function of Θ(1)
∞ + Θ

(2)
x ). Fix α > 0, and let Θ(1)

∞ and Θ
(2)
x

be defined as in Definition 4.8. We have

E⋆

[
eα(Θ

(1)
∞ +Θ

(2)
x )
]
≪α 1.

In particular, we have

P⋆

[
Θ(1)

∞ +Θ(2)
x > α · log2 y

]
≪α

1

log y
for any y ⩾ 2.
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Proof. The proof of this proposition is very similar to the proof of [8, Lemma 2.3]: Let Θ∞ be
defined as

Θ∞ := r0 +
∑

(W,Y )∈R

r(Y ).

We have Θ
(1)
∞ +Θ

(2)
x ⩽ Θ∞. By using Campbell’s Theorem (see [9, Section 3.2])

E⋆

[
eα(Θ

(1)
∞ +Θ

(2)
x )
]
⩽ E⋆

[
eαΘ∞

]
= exp

(
αr0 +

∫ ∞

0

eαr(y) − 1

y
dy

)
≪α 1,

with the convergence of the integral for all fixed α > 0 following from eαr(y) − 1 ≪α r(y) ≪
min{y, y−2} (see Proposition 4.12). The bound on the probability P⋆[Θ

(1)
∞ +Θ

(2)
x > log2 y] is then

a direct application of Chernoff’s inequality. □

5. PROOF OF MAIN LEMMA 3

Recall the construction of the coupling (Ω⋆,F⋆,P⋆) from the previous section, as well as all the
random variables that were introduced there. Recall also the definition of Tx in (8). We define the
infinite set H(y, κ) and the function ξ(y) as

H(y, κ) :=
{
n ∈ N : ∃ d|n such that d ∈ (y/κ, y · κ)

}
ξ(y) := (log y)−δ(log2 y)

−3/2.

We have to keep in mind the monotonicity of the set H(y, κ) with respect to κ, i.e. if 1 < κ1 ⩽ κ2,
then H(y, κ1) ⊆ H(y, κ2). We can rewrite what we need to show in Main Lemma 3 as

(19) P⋆

[
Nx ∈ H(y, xTx)

]
≪ ξ(y).

To prove Main Lemma 3, we will need four lemmas:

Lemma 5.1. If x, y, κ are real numbers satisfying 2 ⩽ κ ⩽ (log y)40 and 2 ⩽ y ⩽ x2/3, then

P⋆

[
{Nx,Mx,M

∗
x} intersects H(y, κ)

]
≪ (log κ)δ · ξ(y).

Proof. Define the event E(x) := {Nx = Mx = M∗
x}. If {Nx,Mx,M

∗
x} intersects H(y, κ), then

either Nx ∈ H(y, κ) or E(x) does not occur. Therefore, by Proposition 4.11, we have

P⋆

[
{Nx,Mx,M

∗
x} intersects H(y, κ)

]
≪ P⋆

[
Nx ∈ H(y, κ)

]
+ (log x)−1.

We have
P⋆

[
Nx ∈ H(y, κ)

]
≪ (log κ)δ · ξ(y)

by [7, Theorem 1]. □

Lemma 5.2. Let x, y, κ be real numbers satisfying 2 ⩽ κ ⩽ (log y)30 and 2 ⩽ y ⩽
√
x. Let d be

a positive integer satisfying d ⩽
√
y. Then

P⋆

[
d|Mx and Mx ∈ H(y, κ)

]
≪ τ(d)

d
· (log κ)δ · ξ(y).

with τ(d) being the number of positive divisors of d.
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Proof. Using Proposition 4.11, we have

P⋆

[
d|Mx and Mx ∈ H(y, κ)

]
= P⋆

[
d|Nx and Nx ∈ H(y, κ)

]
+O

( 1

log x

)
.

Suppose that a and b are positive integers satisfying a|db and that a ∈ (y/κ, y · κ). We must have
a

gcd(a,b)
|d. Therefore, the integer gcd(a, b) is in the set {a/s : s|d}, which is itself a subset of the

union of open intervals
⋃

s|d(
y
sκ
, yκ

s
). It follows that if db ∈ H(y, κ), then b ∈

⋃
s|d H(y/s, κ).

Thus, we have

P⋆

[
d|Nx and Nx ∈ H(y, κ)

]
⩽
∑
s|d

P⋆

[
d|Nx and Nx/d ∈ H(y/s, κ)

]
=

⌊x/d⌋
⌊x⌋

∑
s|d

P⋆

[
Nx/d ∈ H(y/s, κ)

]
≪ τ(d)

d
·max

s|d
P⋆

[
Nx/d ∈ H(y/s, κ)

]
.

By applying Lemma 5.1, we finish the proof. □

Lemma 5.3. For all 2 ⩽ y ⩽ x, we have

P⋆

[
M∗

x ∈ H(y, e10·Θ
(1)
∞ )
]
≪ ξ(y).

Proof. Let Σ1 be the σ-algebra generated by U1 and the restriction of R on the set (0,∞) ×
(e−γ,∞), and let Σ2 be the σ-algebra generated by the restriction of R on the set (0,∞)×(0, e−γ].
Note that Σ1 and Σ2 are independent σ-algebras. Since M∗

x is Σ1-measurable and Θ
(1)
∞ is Σ2-

measurable, we conclude that M∗
x and Θ

(1)
∞ are independent. Thus, over all the coupling Ω⋆, we

can bound the conditional expectation

E⋆

[
1
M∗

x∈H(y,e10·Θ
(1)
∞ )

· 1
Θ

(1)
∞ ⩽log2 y

∣∣∣ Θ(1)
∞

]
≪ (Θ(1)

∞ )δ · ξ(y) ⩽ eΘ
(1)
∞ · ξ(y).

Therefore,

P⋆

[
M∗

x ∈ H(y, e10·Θ
(1)
∞ )
]
≪ E⋆

[
eΘ

(1)
∞
]
· ξ(y) + P⋆

[
Θ(1)

∞ > log2 y
]
.

The lemma follows directly from applying Proposition 4.13. □

Lemma 5.4. For all 2 ⩽ y ⩽ x, we have

P⋆

[
Mx ∈ H(y, e10·Θ

(2)
x )
]
≪ ξ(y).

Proof. For any prime power pv, we define Apv := #{i ⩾ 1 : h(Yi) = log pv}. We must have

Apv =
∑

1⩽k< log y
2 log pv

1k⩽Apv<
log y

2 log pv
+ Apv1Apv⩾

log y
2 log pv

⩽
∑

1⩽k< log y
2 log pv

1Apv⩾k +
2 log pv · A2

pv

log y
.

If Apv ⩾ k, then pvk|Mx. Therefore,

Apv ⩽
∑

1⩽k< log y
2 log pv

1pvk|Mx
+

2 log pv · A2
pv

log y
.
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With this inequality and Proposition 4.12, we have

Θ(2)
x ≪

∑
i⩾1

1

h(Yi)2
=
∑
pv

Apv

(log pv)2

⩽
∑∑∑
p prime and v,k⩾1

pvk⩽
√
y

1pvk|Mx

(log p)2
+

2

log y

∑
pv

A2
pv

log pv
.

(20)

SinceApv ⩽ #{(W,Y ) ∈ R : h(Y ) = log pv}, and this last random variable is Poisson distributed
with paramater 1

vpv
, then E[A2

pv ] ≪ 1
vpv

. It follows that

(21)
2

log y

∑
pv

E[A2
pv ]

log pv
≪ 1

log y
.

Using Proposition 4.13, Lemma 5.1 and the inequalities (20) and (21), we have the decomposi-
tion

P⋆

[
Mx ∈ H(y, e10·Θ

(2)
x )
]
⩽

∑
1⩽j⩽log3 y

P⋆

[
Mx ∈ H(y, e10·Θ

(2)
x ) and Θ(2)

x ∈ (ej, ej+1]
]
+O

(
ξ(y)

)
⩽

∑
1⩽j⩽log3 y

e−j · E⋆

[
Θ(2)

x · 1Mx∈H(y,e10·ej+1
)

]
+O

(
ξ(y)

)
≪
∑∑∑∑
p prime and v,j,k⩾1

j⩽log3 y

pvk⩽
√
y

P⋆

[
pvk|Mx and 1Mx∈H(y,e10·ej+1

)

]
ej(log p)2

+O(ξ(y))

By applying Lemma (5.2), we arrive at

P⋆

[
Mx ∈ H(y, e10·Θ

(2)
x )
]
≪ ξ(y) ·

∑
j⩾1

ej(δ−1) ·
∑
p

∑
v⩾1

∑
k⩾1

vk + 1

pvk(log p)2
.

Using the inequalities vk + 1 ⩽ 2vk and pvk ⩾ p2v+k−2, we have

P⋆

[
Mx ∈ H(y, e10·Θ

(2)
x )
]
≪ ξ(y) ·

(∑
j⩾1

ej(δ−1)

)
·

(∑
p

1

p(log p)2

)
·

(∑
v⩾1

v

2v

)2

.

The series on the right-hand side are all convergent, which proves the lemma. □

Proof of Main Lemma 3. Let r0 := supt>0 r(t). From the definition of L, V, Θ(1)
∞ and Θ

(2)
x , we

have

Tx(log x) = 5
∑
i⩾1

r(Vi log x) = 5
∑
i⩾1

r(Li log x) ⩽ 5

(
r0 +

∑
i⩾1

r(Yi)

)
⩽ 10max{Θ(1)

∞ ,Θ(2)
x }.

It follows that

P⋆[Nx ∈ H(y, xTx)] ⩽ P⋆[Mx ∈ H(y, e10·Θ
(2)
x )] + P⋆[M

∗
x ∈ H(y, e10·Θ

(1)
∞ )] + P⋆[E(x)c].

with E(x) = {Nx = Mx = M∗
x}. By combining Proposition 4.11, with Lemmas 5.3 and 5.4, we

prove (19) and thus we finish the proof of Main Lemma 3. □
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